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ABSTRACT
In this work, we introduce the notion of S-space and almost S-space on bipolar vague topological space with
some of its properties. The interrelations between newly defined spaces and other spaces are also discussed.
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l. INTRODUCTION
In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was introduced by Zadeh [12].
The theory of fuzzy topological space was studied and developed by C.L.Chang [3]. The paper of Chang paved
the way for the subsequent tremendous growth of the numerous fuzzy topological concepts. Later, the vague set
theory was introduced by W. L. Gau and D. J. Buehrer [5], as a generalizations of Zadeh’s fuzzy set
theory.Bipolar-valued fuzzy sets, which are introduced by Lee [8], are an extension of fuzzy sets whose
membership degree range is enlarged from the interval [0, 1] to [—1, 1]. Using the notion of bipolar-valued fuzzy
sets, Jun et al. [6] dealt with subalgebras and closed ideals of BCH-algebras based on bipolar-valued fuzzy sets.

A.K. Mishra [9] introduced the concepts of P-spaces as generalizations of @, -additive spaces of Sikorski [10]

and C. Goffman [4]. The concept of p-spaces in fuzzy setting was defined by G. Balasubramanian [11]. Amost
P-spaces in classical topology was initiated by R. Levy [7].

In this paper several characterizations of bipolar vague S-space and bipolar vague almost S-space are studied
and the conditions under which an bipolar vague submaximal space becomes a bipolar vague S-space are also
analyzed.

Il.  PRELIMINARIES
Definition 2.1[8]: Let X be the universe. Then a bipolar valued fuzzy set, A on X is defined by positive
membership function £, , that is g, : X —[0,1], and a negative membership function 4, , that is

L, X —[1,0]. For the sake of simplicity, we shall use the symbol A ={(X, £, (X), 1, (X)) : X € X}.

Definition 2.2[5]: A vague set A in the universe of discourse U is a pair (t,, f,) where t, :U —[0,1],

f, :U — [0,1]are the mapping such that t, + f, <1forall u €U .The function t, and f, are called true
membership function and false membership function respectively. The interval [t,,1— f,] is called the vague
value of Uin A, and denoted by V, (U),ieV,(u) =[t,(u),1- f(u)].

Definition 2.3[1]: Let X be the universe of discourse. A bipolar-valued vague set A in X is an object having
the form A={(X,[t,(x),1— f, (X)L[-1— f, (X),t,(X)] : x e X} where [t,,1-f,]: X —[0,1]
and [-1— f,,t;]: X —[-1,0]are the mapping such that t, + f, <land —1<t, + f, . The positive
membership degree [ty (X),1— f, (X)]denotes the satisfaction region of an element x to the property

corresponding to a bipolar-valued set A and the negative membership degree [—1— f, (X),t,(X)] denotes
the satisfaction region of x to some implicit counter property of A. For a sake of simplicity, we shall use the
notion of bipolar vague set v, =[t,,1— f, Jand v, =[-1— f,,t,].

Definition 2.4[1]: A bipolar vague set A=[v,,v,] of a set U with v, =0 implies that
t,=01-f, =0 and v, =0 implies that t, =0,—1— f, =0 for all X €U is called zero bipolar
vague set and it is denoted by O .
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Definition 2.5[1]: A bipolar vague set A=[v,,v,] of aset U with v, =1 impliesthat t, =1,1—f, =1
and v, =—1 implies that t, =—1,—1— f, =—1 for all X €U is called unit bipolar vague set and it is
denoted by 1.

Definition 2.6[1]: Let A=<x,[tp,1- fol[-1- fo,ta]>and B=<x[tg,1- fg1[-1- fg tg]>be two
bipolar vague sets then their union, intersection and complement are defined as follows:
1. AUB ={(X![t;uB (X)’l_ f;uB (X)]! [_l_ fA_uB (X)’t;\uB (X)])/X € X}Where
the (%) =max{t; (), t5 ()}, tas (x) =min{t, (x),t; (x)}and
1- 1,5 (x) = max{L— £ (¥).1- f5 ()},
—1- 1 () =mind-1— £, (x),~1- f; ()}
2. ANB ={(X [t} (0.1~ F5 ()] [-1- Fog (%), t o 0D/ X € XFwhere
tans () =MIn{ts (x),t5 (0}, o (X) =max{t, (x),t, (X)}and
1- £, (x) =minfl— ;7 (x),1— f5 (9},
1 £ () = max{-1— £, (x),~1— f (¥)}.
3. A={(x[f, (.1t (), [-1—t,(X), f ()])/x e X} forall xe X .

Definition ~ 2.7[1]: Let (X,BV.) be a bipolar vague topological  space  and

A=(x[ty,1— f ][-1-f,,t,])be a BVS in X . Then the bipolar vague interior and bipolar vague

closure of A are defined by,
Bvcl(A) =n{K:K is a BVCS in X and AcK},

Bvint(A) =u{G:G is a BVOS in X and G c A}

Note that bvcl (A) isa BVCS and bvint(A) isa BVOSin X . Further,
1. A isaBVvCSin X iff Bvcl(A) =A,
2. A isaBVvOsin X iff Bvint(A)=A

Definition 2.8[2]:A bipolar vague set Ain a bipolar vague topological space (X,T) is called bipolar vague
dense if there exists no bipolar vague closed B in (X,7)suchthat Ac Bc 1.

Definition 2.9[2]: A bipolar vague set Ain a bipolar vague topological space (X,r) is called bipolar vague
nowhere dense set if there exists no bipolar vague open set Bin (X, 7) such that B < BVCI(A). That is,
BV int(BVcl(A)) =0.

Definition 2.10[2]: Let (X, 7) be a bipolar vague topological space. A vague set Ain (X, 7) is called bipolar

vague first category if A= Li A , where A;'S are bipolar vague nowhere dense sets in (X ) T) .
1=

The complement of a bipolar vague first category sets in (X ) T) is a bipolar vague residual set in (X ) T) .

Definition 2.11[2]: Let(X ) r) be bipolar vague topological space. Then (X , 2') is said to bipolar vague Baire

space if BV int(_LiAi) =0, where A'Sare bipolar vague nowhere dense sets in (X, 7).
i=
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Definition 2.12[2]: A bipolar vague topological space (X, 7) is called a bipolar vague D-Baire space if every
bipolar vague first category set in (X, 7) is a bipolar vague nowhere dense set in (X, 7). Thatis, (X,7)isa
bipolar vague D-Baire space if BV int(BVcl(A)) = 0 for each bipolar vague first category set Ain (X, 7).

I11.  BIPOLAR VAGUE S-SPACE

Definition 3.1: A bipolar vague set A in a bipolar vague topological space (X,7)is called a bipolar vague

G, —setin(X,7) if A=A where A erforiel.
i1

Definition 3.2: A bipolar vague set A in a bipolar vague topological space (X,Z’) is called a bipolar vague

F_—setin(X,7) if A=UA where KT e rfor i el . In other words, the complement of bipolar vague
i=1

G, —setin(X,7) is abipolar vague F_ —setin(X,7).

Definition 3.3: A bipolar vague topological space (X,T) is called a bipolar vague S-space if countable

intersection of bipolar vague open sets in (X,T) is bipolar vague open. i.e. every non-zero bipolar vague

G, —setin(X,7)is bipolar vague open in (X, 7).

Theorem 3.4: If Alis anon zero bipolar vague F_ —setin a S-space (X ) 2') , then Ais a bipolar vague closed
setin(X,7).

Proof: Let Abe a non-zero bipolar vague F_ —set in(X,7) , A:.L{Ai where A,'Sare bipolar vague
i=

closed in (X,7). Then :E\Z_UIAi =ﬁl:§ Now A, 'Sare bipolar vague closed in (X, 7)., implies that A 'S
i= i=

are bipolar vague open in (X,7). Hence we have A= le where Ae7. Then Alis a bipolar vague
i=

G, —setin(X,7). Since (X,7) is abipolar vague S-space, A is a bipolar vague open in (X, 7). Therefore
Ais a bipolar vague closed set in (X, 7).

Theorem 3.5: If the bipolar vague topological space (X ,2') is a bipolar vague S-space, then
BV int(éA) = 51 BV int(A ) where A;'Sare bipolar vague open sets in (X, 7).

Proof: Let A'S be non-zero bipolar vague open sets in a bipolar vague S-space (X ,Z'). Then A= E\lA is a

bipolar vague G -set in (X,7). Since (X,7)is a bipolar vague S-space, the bipolar vague G -set A is
bipolar vague open in (X,7). Hence, we have BVIint(A)=int(A). This implies that

BVint(.aAi):aAi zaBVint(A)and hence BVint(aA):_aBVint(A)where A,'sare bipolar

vague open sets in (X,7).

Theorem 3.6: If A s are bipolar vague closed sets in a bipolar vague S-space (X,Z’), then

BVCI(UA)=UA.
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Proof:Let A ’s be a bipolar vague closed sets in a bipolar vague S-space (X, 7) which implies that K'S are
bipolar vague open sets in (X, 7). Let u= r\lK Then g is a non-zero bipolar vague G; —set in (X,7).
i=

Since the bipolar vague topological space (X, 7) is a bipolar vague S-space, BV int(x) = u, which implies

that BV int(éK) = 5K . Then BVCI(E{Ai) = L_{AI . Hence we have BVCI(C)lAi) = QA .

Theorem 3.7: If the bipolar vague topological space (X,T) is a bipolar vague S-space and if A is a bipolar
vague first category set in (X, 7), then Ais not a bipolar vague dense set in (X, 7).
Proof: Assume the contrary, suppose that A is a bipolar vague first category set in (X,7) such that

BVcl(A) =1. Then, A:.UlAi' where A ’s are bipolar vague nowhere dense sets in (X,7). Now
=

BVCI(A) is a bipolar vague open setin (X, 7). Let y= N BVCI(A). Then u isanon-zero bipolar vague
i=

G, —set in (X,7). Now we have _r_\lBVCl(Ai)=_k_JlBVin'[(Ai)g_k_JlA1 =A. Hence £ A. Then

BV int(x) BV int(A) = BVcl(A) =0ie., BV int(x)=0. since (X,7) is a bipolar vague S-space,
4 =BV int(z) which implies that £ =0, a contradiction to £ being a non-zero bipolar vague G4 — set in
(X, 7). Hence BVcl(A) #1.

Definition 3.8: A bipolar vague topological space (X,T) is called a bipolar vague submaximal space if for
each bipolar vague set Ain (X, 7) such that BVCI(A) =1, then Aczin(X,7).

Theorem 3.9: If each bipolar vague G, — set is a bipolar vague dense set in a bipolar vague submaximal
space (X,7),then (X,7)is a bipolar vague S-space.

Proof: Let Abe a bipolar vague G4 — set in a bipolar vague submaximal space (X ) 2'). Then, by hypothesis,
Ais a bipolar vague dense set in (X , T). Since (X ) 2') , Is a fuzzy submaximal space, the bipolar vague dense
set A in (X,7) is a bipolar vague open set in (X, 7). i.e., every bipolar vague G; —set in (X,7) is a
bipolar vague open setin (X, 7). Therefore (X, 7)is a bipolar S-space.

Theorem 3.10: If BV int(A) =0, where Ais a bipolar vague F_ — set in a bipolar vague submaximal space
(X,7),then (X, 7)is a bipolar vague S-space.

Proof: Let A be a bipolar vague G — set in a bipolar vague submaximal space (X ) Z'). Then, Aisa bipolar
vague F_ —set in(X,7). Then, by hypothesis, BV int(A)=0 for a vague F_ —set A in(X,7). This
implies that BVCI(A) =1. Then Ais a bipolar vague dense set in (X, 7). since (X, 7) is a bipolar vague
submaximal space, the bipolar vague dense set A in(X,7) is a bipolar vague open set in (X,7). i.e., every
bipolar G, —set in(X,7) is a bipolar vague open set in (X,7). Therefore (X,7)is a bipolar vague S-
space.

Theorem 3.11: If each bipolar vague F_ —set is a bipolar vague nowhere dense set in a bipolar vague
submaximal space (X ,7), then (X, 7)is a bipolar vague S-space.

Proof: Let Abe a bipolar vague F_ —set in a bipolar vague submaximal space (X,Z’) such that
BV int(BVcl(A))=0. Then, BVint(A) < BV int(BVcl(A)), implies that BV int(A)=0. Now
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BV int(A) =0 for a bipolar vague F_ —set in a bipolar vague submaximal space (X,7). Then, by
Theorem 3.10, (X, 7) s a bipolar vague S-space.

Theorem 3.12: If BVCI(BV int(A)) =1, for each bipolar vague G5 —set A in a bipolar vague submaximal
space (X,7). Then (X, 7)is a bipolar vague S-space.

Proof: Let A be a bipolar vague F_ — set in a bipolar vague submaximal space (X,7). Then Aisa bipolar
vague G, —set in(X,7). By hypothesis, BVcl(BV int(A))=1. Then BVcl(BV int(A)=0. This
implies that (BV int(BVcl(A))) =0. i.e. BV int(BVcl(A)) =0and hence Ais a bipolar vague nowhere

dense set in(X,7). Thus the bipolar vague F_ —set Ais a bipolar vague nowhere dense set in a bipolar

vague submaximal space (X, 7). Hence by Theorem 3.11, (X, 7)is a bipolar vague S-space.

Theorem 3.13: If Ais a bipolar vague residual set in a bipolar vague submaximal space (X ) Z'), then A isa
bipolar vague G; —setin (X, 7).

Proof: Let A be a bipolar vague residual set in a bipolar vague submaximal space (X ) Z') .Then A isa bipolar

vague first category set in (X,T) and hence A = U A, where A are bipolar vague nowhere dense sets in
i=1

(X,7). sSince A'sare bipolar vague nowhere dense set BV int(BVcl(A))=0. Then,
BV int(A) < BVint(BVcl(A))implies that BV int(A)=0. This implies that BV int(A)="1and

hence BVcl (K) =1.Since (X, 7)is a bipolar vague submaximal space, the bipolar vague dense sets in K'S
are bipolar vague open sets in (X, 7). Then A, 'S are bipolar vague closed sets in (X, 7). Hence A = UlA.
i=

where A 'Sare bipolar vague closed sets in (X, 7) implies that A is a bipolar vague F_ —set in(X,7).

Therefore Ais a bipolar vague G; —setin (X, 7).

Theorem 3.14: If Ais a bipolar vague residual set in a bipolar vague submaximal and bipolar vague S-space
(X,7), then Aiis a bipolar vague open setin (X, 7).

Proof: Let A be a bipolar vague residual set in a bipolar vague submaximal and bipolar vague S-space (X , T).
Since Ais bipolar vague residual set in a bipolar vague submaximal space (X,T), by Theorem 3.13, A is a
bipolar vague G, —set in (X, 7). Since (X,7)is a bipolar vague S-space, the bipolar vague G, —set in
(X,7)is a bipolar vague open set in(X,7) . Hence a bipolar vague residual set Ain a bipolar vague
submaximal and bipolar vague S-space (X, 7)is a bipolar vague open set in (X, 7).

Theorem 3.15: If Ais a bipolar vague nowhere dense set in a bipolar vague submaximal space (X , 1'), then
A is a bipolar vague closed set in (X, 7) .

Proof: Let A be a bipolar vague nowhere dense set in a bipolar vague submaximal space (X ) 2') . Then we have
BV int(BVcl(A)) =0and BV int(A) c BV int(BVcl(A)), implies that BVint(A)=0. Then
BV int(A) =1limplies that BVcl(A) =1and hence A is a bipolar vague dense set in (X, 7). Since (X, 7)
is a bipolar vague submaximal space, Ais a bipolar vague open set in (X,T). Therefore the bipolar vague
nowhere dense set A is a bipolar vague closed in (X, 7).

Theorem 3.16: If a bipolar vague S- space (X, 7) is a bipolar vague submaximal and bipolar vague Baire
space, then (X, 7)is a bipolar vague D-Baire space.
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Proof: Let the bipolar vague S-space (X,T) be a bipolar vague submaximal and bipolar vague Baire space.
Let Abe a bipolar vague first category set in (X,7). Since (X,7) is a bipolar vague Baire space,
BV int(A)=0. Then, BV int(A)=1. This implies that BVcl(A)=1and hence A's a bipolar vague
dense set in (X, 7). Since (X,7) is a bipolar vague submaximal space, A is a bipolar vague open set in
(X,7). Then, Ais a bipolar vague closed set in (X,7) and hence BVCI(A)=A. Now
BV int(BVcl(A)) = BV int(A), implies that BV int(BVcl(A)) =0. Then Aiis a bipolar vague nowhere

dense set in (X, 7). Hence, each bipolar vague first category set in (X, 7)is a bipolar vague nowhere dense
setin (X, 7). Therefore (X, 7) is a bipolar vague D-Baire space.

Definition 3.17: A bipolar vague topological space (X,7)is called a bipolar vague almost S —space if for
every non-zero bipolar vague G; —setin(X,7), BV int(A) #0in (X, 7).

Definition 3.18: Let A=<, [tj&,l— f;][—l— f;\,t;] >in a bipolar vague topological space (X , Z') is said to
be bipolar vague regular closed set if A= BVcl(BV int(A))

Theorem 3.19: If Ais a bipolar vague F_ —set in a bipolar vague almost S-space (X,T), then,
BVcl(A) #1.

Proof: Let Abe a bipolar vague F_ —set in a bipolar vague almost S-space(X,T) .Then, Alis a bipolar
vague G, —setin(X,7) .Since (X,7)is a bipolar vague almost S-space, for the bipolar vague G —set A

we have BV int(A) # 0. This implies that BVclI(A) # Oand hence we have BVCI(A) #1.

Theorem 3.20: If each non-zero bipolar vague G — set is a bipolar vague regular closed set in a bipolar vague
topological space (X, 7), then (X, 7)is a bipolar vague almost S-space.

Proof: Let A be a non-zero bipolar vague G — set in (X, 7) such that BVcl(BV int(A)) = A. We claim that
BVint(A)=0.  Assume the contrary.  Then BVint(A)=0  will imply that
BVcl(BV int(A)) = BVcl(0) =0 and hence we will have A =0, a contradiction to A being a non-zero
bipolar vague G4 —set in(X,7). Hence we must have BV int(A) 0, for a bipolar vague G —set in
(X, 7)and therefore (X, 7) is a bipolar vague almost S-space.

Theorem 3.21: If each non-zero bipolar vague first category set is a bipolar vague dense set in a bipolar vague
topological space (X, 7), then (X, 7)is not a bipolar vague almost S-space.

Proof: Let Abe a bipolar vague first category set in (X,7) such that BVCI(A) =1. Then A = Y A, where
i=
A\ ’s are bipolar vague nowhere dense sets in (X, 7). Now BVCI(A) is a bipolar vague open set in (X, 7).

Let U =aBVCI(A) then yli is a G, —set in (X,7). Now

luzaBVCl(Ai) =_§BV int(A) QQAI =A,ie, g A. Then BVint(x) = BVint(A)and hence

BV int(x) = BVcl(A) =0, ie, BVint(x)=0. Hence, for the bipolar vague G; —set x in(X,7),
BV int(x) =0. Therefore (X, 7) is not a bipolar vague almost S-space.

Theorem 3.22: If & is a bipolar vague residual set in a bipolar vague almost S-space (X, 7), then there exists

a bipolar vague G4 —set 4 in(X,7)suchthat £ < din (X,7).
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Proof: Let & be a bipolar vague residual set in (X, 7). Then, S isa bipolar vague first category set in (X, 7)

Let A= .Then A= _Ulﬂ,i , where A, ’s are bipolar vague nowhere dense sets in (X, 7). Now BVcl(4,)
j=

is a bipolar vague open set in (X,7). Let yzaBVCI(/li). Then u isa Gy —set in (X,7). Since
(X, 7) is a bipolar vague almost S-space, BV int(x) =0, in (X,7). Let BV int(x) =y, where y 7.

Now 4= QBVCI A4)= ikzleV int(4,) < ik:Jl/Ii =Aie, & . Thus, if & is a bipolar vague residual set

in bipolar vague almost S-space (X,7), then there exists a bipolar vague G; —set g in(X,7)such that
ucoin (X,7).
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